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Abstract 
Laboratory mixing box experiments were undertaken to examine turbulent mixing and structure across a density interface in a 
stably stratified two component fluid (fresh on salt), subjected to shear-free turbulence induced by an oscillating grid within the 
salt water layer. The entrainment laws take the form of QR5L(   (Q =3/2 or 7/4). This indicates that the rate of mixing 
deceases with decreasing turbulence intensity. Fractal dimension of the three-dimensional density interface is larger than 2. 
Fractal dimension decreases with an increasing overall Richardson number. This suggests that the density interface becomes 
smoother with decreasing turbulence intensity. 
© 2015 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of The Chinese Society of Theoretical and Applied Mechanics (CSTAM). 
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1. Introduction 
Turbulent mixing and entrainment across a density interface govern exchanges of mass, momentum, energy, and 
scalars, which are significant in environmental and geophysical flows. A number of laboratory experiments have 
been made on turbulent-laminar interfaces without mean shear in the oscillating grid-generated turbulent flows ever 
since the 1950s (e.g. Rouse and Dodu[1]; Turner[2]; Linden[3]; E and Hopfinger[4]; Fernando[5]; McGrath et 
al.[6]). A number of mixing mechanisms have been proposed. For example, Turner[2] shows how the turbulent 
eddies on the grid-side of the interface entrain fluid in sheets, which mix rapidly through the whole of the stirred 
layer. Fernando[7] suggests that mixing mechanisms in stratified fluids depend on the nature of the external forcing 
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and the background stratification. 
Nevertheless, the physics of the interaction between the turbulence and density interface still requires further 
understanding. Laboratory visualization of the 3D geometric structure of density interface has been challenging. 
Little has been done for the fractal dimension of the density interface in a stably stratified fluid. The objectives of 
this study are (1) to better understand the physics of the interaction between the turbulence and density interface in a 
stably stratified two-layered fluid; (2) to examine how fractals can be used in the analysis of the 3D geometric 
structure of the density interface. 
2. Theoretical consideration 
x The overall Richardson number 
 
A modified form of what has hitherto been termed the Richardson number can be found in Batchelor [1]( p. 227). 
Similar or even the same equation is used by Crapper and Linden[8] (line 4, p. 48).: 
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x The turbulent length and velocity scales representative of the boundaries 
 
The turbulent length scale l  was also used in Thompson and Turner[9]( Eq. (11), p. 360): 
zl E                              (2) 
where  E  is the constant, z  the distance from the grid. According to Linden[10], o 10Ri ! ˈ 0.1E | . 
After refining Thompson and Turner[9]( Eq. (13), p. 363), the following empirical equation was proposed by 
Hopfinger and Toly[11](Eq. (4), p. 169): 
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where u  is a velocity scale of the turbulence or the horizontal r.m.s. turbulent velocity (ms-1), f  is the stirrer 
frequency (cycle per second), S  is the stroke, C  is a function of M  with a value for of 2.5h10-1, M  is the mesh 
size. 
 
x The entrainment velocity and entrainment rate 
The entrainment velocity, which was defined as the rate of mixing in one direction (from top to bottom), across 
the interface, was given by Turner[2] (p. 642): 
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The entrainment law has been used to represent the relationship between the entrainment rate (  XXH ) and 
overall Richardson number (after Turner[12], Eq. (9.1.1), p. 291): 
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x Image processing of the 2D and 3D geometric structures of density interface 
In our experiment, the fluorescent dyes were added into the salt water layer to visualize the density interface, 
which was represented by the grey-scale of the coloured image. A gray-scale image is a data matrix whose values 
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represent shades of gray[13](p. 27). To extract the digital data representing the 2D density interface, the RGB colour 
photos are converted to the gray scale imges. 
Following Pothuaud et al.[14], (x, y) was used to represent the location of any point at the density interface, the 
gray scale was used to represent the reference value of the height of the density interface plotted on the z axis, 
displaying the 3D geometric structure of density interface. 
 
x Fractal dimension 
The boxing-counting method is generally used to calculate fractal dimension of the density interface[15](Eq. (2.3), 
p. 544): 
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where D  is fractal dimension, N  the number of the box-counting, and r the resolution. 
3. Experimental details and data analysis 
The experimental apparatus is shown in Figure 1. The mixing box dimensions were 25.4 cm h 25.4 cm h 44.3 
cm. The oscillating grids were made of 1 cm square Plexiglas bars, forming a square mesh of size M=5 cm. 
Simple foam float was used with great care to create stratification by adding light fluid above dense. 
 
 
 
 
 
 
 
 
 
 
Figure 1. Sketch of the mixing box. 
 
Green visualization of the 3D geometric structure of the density interface: Light the experiment from above with 
two halogen lamps. Put enough red and blue food dye that when you put a white ruler into the fluid you cannot see 
more than a couple of mm below the surface. Around 150 ml of each for 40 L of water. Add some fluorescein (about 
a red spatula for 40 L), enough to make it glow. It is much easier to use too little dye than too much, so long as you 
use enough fluorescein (Megan Davies Wykes, personal communication, 9 November 2012). The density interface 
was visualized by adding fluorescein green dye fluorescein disodium into the salt water layer.  
A total of thirteen runs were made. Measurements were made of (a) the height of the mean density interface 
above the bottom of the mixing box; (b) the densities of the fresh and salt water layers. Photographs and videos were 
made of the 3D geometric structure of the shear-free density interfaces. 
Calculations were made for (1) the entrainment velocity; (2) the overall Richardson number; and (3) the fractal 
dimension of the two-dimensional and three-dimensional density interfaces. 
4. Results and discussion 
As shown in Figure 2, the entrainment rate decreases with an increasing overall Richardson number. Our results 
are in agreement with those in the literature. It can be expressed as a power function of an overall Richardson 
number. The entrainment laws take the form of QR5L(   (Q =1.5-1.75). 
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Figure 2. Examples showing the relationship between the dimensionless entrainment rate and an overall Richardson number ( oRi ) and their 
comparisons with those in the literature. Ʒrefers to the results of this study; (a) f=4.29 Hz, NaCl=200 g; (b) f=4.29 Hz, NaCl=100 g; (c) f=3.5 
Hz;NaCl=104 g; (d) f=4.75 Hz,NaCl=104 g. Note:  data from Turner (1973, Fig. 9.3, p. 291); z data from Hopfinger and Toly (1976, Fig. 11, 
p. 170); | data from Fernando and Hunt (1997, Fig. 13, p. 225). 
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Figure 3. The three dimensional density interfaces at 13:30 in Run V: (a) the original photo; (b) the processed density interface corresponding to 
the region framed in the trapezoid. Horizontal plane is represented by x and y axes, and the scale shows the location on the trapezoid. 

An example of green visualization of the 3D density interface at 13:30 in Run V was shown in Figure 3. The 
digitized density interface corresponding to the region framed in the trapezoid was clearly obtained (Figure 3b). 
Fractal dimension D  of the three-dimensional density interface ranges from 2.05 to 2.08 (Figure 4). As shown in 
Figure 4, fractal dimension D  of the three-dimensional density interface decreases with an increasing oRi . 
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
Figure 4. Relationship between fractal dimension D of the three dimensional density interface and an overall Richardson number ܴ݅୭ in Run V 
corresponding to Fig. 3. 
Conclusions 
Our experimental results suggest both -3/2 and -7/4 entrainment law. The quazi-3D geometric structure of the 
density interface, which was reconstructed after imaging processing of the MATLAB, can be used to examine its 
fractal dimension. 
The fractal dimension of the quazi-3D density interface ranges from 2.05 to 2.08. The fractal dimension of the 
density interface seems to be a measure of the fragmentation of the surface. 
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